A packing problem for parallelepipeds  by Rademacher, Hans et al.
JOURNAL OF COMBINATORIAL THEORY 1, 3-14 (1966) 
A Packing Problem for Parallelepipeds 
HANS RADEMACHER,* ROBERT DICKSON, t AND MORRIS PLOTKIN** 
The Rockefeller University, 
New York, New York 
Communicated by S. Ulam 
ABSTRACT 
This article discusses finite sets of disjoint, closed, axis-parallel parallelepipeds 
("boxes") in 3-space which have the property that their projections on the coordinate 
planes each fill a rectangle. Omitting the trivial case of just one box, then it is proved 
that 12 boxes are necessary and sufficient o form such a set. The minimal solution 
is described in detail. 
1. Four axis-parallel, disjoint rectangles can be placed in such a 
manner (Figure 1) that their orthogonal projection on the x-axis as 
well as on the y-axis consists each of a single segment. As can be seen 
easily, four is the minimal number of rectangles fulfilling this require- 
ment, if we leave out as uninteresting the case of one rectangle alone. 
We shall discuss the situation in more detail in w 2. 
A number of years ago J. A. Clarkson proposed to the senior author 
the problem of the generalization of that configuration to 3-space: 
How many axis-parallel disjoint parallelepipeds (considered as closed 
sets, called boxes for short) are necessary and sufficient for a configu- 
ration P (of more than one box) which has on each coordinate plane a 
full rectangle as projection? Because of the availability of affine transfor- 
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mations we can specify that these projections hould be full squares. 
We shall say that such an arrangement P of boxes possesses the "shadow 
property." 
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FIGURE 1 
The problem seems to have come up first in a conversation between 
J .A. Clarkson and J. W. T. Youngs. 
We prove here now the 
THEOREM: For an arrangement P of boxes in 3-space 12 boxes are 
necessary and sufficient. 
2. As a preparation for n = 3 we discuss in detail the simple case of 
dimension n = 2. Suppose we have an arrangement P of finitely many 
disjoint axis-parallel rectangles which has the shadow property, i.e., 
it has an orthogonal projection of a full interval on each axis. In view 
of a possible affine transformation we can, without loss of generality, 
take these shadows as of equal length. The arrangement P is then en- 
closed in a tightly fitting square Q. 
We now enlarge each rectangle, wherever possible, so that it sits 
"flush" in the square Q, provided that such an enlargement does not 
lead to any interference of the rectangles, which have to remain disjoint. 
In Figure 2b the rectangles given in 2a are made "flush," the added 
areas being shown by hatching. 
In this flush configuration P*, which of course has the same number 
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of rectangles as before, no rectangle can touch two opposite sides of Q, 
because otherwise a light beam could be shone along one side of it 
through the interior of Q, and this light beam would interrupt the shadow 
on the coordinate axis orthogonal to it. 
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FIGURE 2 
b) 
Now let us consider a line A parallel to the x-axis across Q. We lower 
A from the top of Q continuously to the bottom. It must always have 
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an intersection with at least one rectangle. Now, since no rectangle can 
reach from top to bottom of Q, the line ~'1 in moving down must 
somewhere lose an intersection with one of the rectangles. When that 
happens for the first time, it must still intersect another ectangle (be- 
cause of the shadow property). Therefore . 1 started at the top with in- 
tersecting at least two rectangles. The flush configuration P* must the- 
refore have on the top side of Q the sides of at least two rectangles. 
But this goes for all four sides of Q, so that at least 4 9 2 :- 8 sides of 
the arrangement P* lie on the boundary of Q. Since a rectangle has 
two sides on the boundary of Q only if it lies in one of the corners of 
Q, four rectangles, each in one corner of Q, are at least needed in a 
flush configuration P*', and this number four is, as Figure 1 even in 
the non-flush version shows, also sufficient. 
3. After this preparation we come to the problem in n -- 3 dimensions. 
One can easily give configurations P of disjoint axis-parallel boxes 
with the shadow property containing a fairly high number of boxes. 
We prove first 
LEMMA 1. At least 11 boxes are necessary Jor a configuration P with 
the shadow properO'. 
PROOF: The configuration P, since it casts quadratic shadows, is en- 
closed in a cube V. We change P into the flush P* by extending each 
box to the surface of V if this is possible without interfering with other 
boxes, all of which must remain disjoint. Again, analogous to the case 
n = 2, no box in P* can reach from one face to the opposite face of V, 
because otherwise a light beam could be sent along one side of such a 
box across V. Any axis-paralM plane cutting V must meet at least four 
boxes of P* in order to produce in the plane the necessary condition 
for n - 2. 
Now let us consider an axis-parallel plane 17 moving through V 
from top to bottom. In this process f l  must somewhere lose an inter- 
section with a box, since no box reaches all through V. When this hap- 
pens for the first time, the plane 1I must still contain intersections with 
at least four boxes of P*, so it must have begun with meeting at least 
five boxes. That means P* must have at least five boxes touching the top 
face of Vwith one of its sides. But this goes for all six faces of V. There- 
fore P* must have at least 6 9 5 = 30 sides on the surface of V. 
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A box has three sides on the surface of V if it lies in a corner of V, 
two sides if it has an edge in common with V, one side if it has a side 
in the interior of one side of V, and no side if it lies wholly in the in- 
terior of V. Let us call the respective numbers of boxes x3, x2, x~, x0. 
Then we have just seen that 
3x3 -k 2x2 -? xl ~ 30 (1) 
is a necessary condition for the shadow property. Clearly x~ ~< 8 since 
V has eight vertices. We are looking for a solution of the diophantine 
inequality for which 
s = x~ + x2 + xl + Xo = minimum. 
This minimum condition demands the greatest possible value for xa: 
x3 = 8. (2a) 
Then we retain 
2x2 + x, > 6, x2 § xl minimal, 
which leaves only 
x2 = 3, xl = 0, x0 = 0. (2b) 
and altogether 
s=x3q-x2q-x lq -Xo= 11 
as the minimal solution. 
4. Now the solution (2a), (2b) held together with the condition that 
each face of V should show at least five sides of P* leads to a configura- 
tion which is, up to rotations and reflections, unique, if we ignore the 
sizes of the participating boxes in P*. Since the corners of V are occupied 
by eight boxes, the three boxes along the edges of V must contribute 
each one side to each face of V. That requires that the three occupied 
edges of Vmust be mutually orthogonal and must pairwise have no point 
in common. Figure 3 indicates their position with the names X, Y, Z, 
according to the direction of the edges which they occupy. The corners 
A, B, C, D on top and A', B', C', D' at the bottom are occupied by boxes 
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which are not shown in Figure 3, and to which we also give the names 
A,B  .....  D'. 
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FIGURE 3 
5. We prove now: 
LEMMA 2. A configuration P* with s = 11 (described above) cannot 
possess the shadow property. 
PROOF: We can speak of an upper layer of boxes, consisting in counter- 
clockwise order of A, B, C, X, D and of a lower layer, namely the boxes 
A', B', Y, C', D'. In between is box Z, which has no side in common 
with the top or with the bottom of V. Figures 4a-b show these arrange- 
ments, separately, seen from above. Now, Z is below A, but it cannot 
be below any of the other upper boxes B, C, X, D, because this would 
lead to a leak of light across V. Suppose, e.g., Z were partly below X, 
then a light beam could run in the y-direction above Z and below X 
unobstructed from the front to the rear, i.e., from face A'B'BA to face 
D'C'CD. If Z were partly below B a light beam could run in the x- 
direction above Z and below B from right to left, i.e., from face A'D'DA 
to face B'C'CB. And similarly in the other cases. 
For the same reason Z, which is above A', cannot extend above any 
of the other boxes B', Y, C', D' of the lower layer. (It is this "inefficiency" 
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of the intermediate boxes Z (and X, Y) which is the ultimate reason 
for the failure of the arrangement with s = 11.) Because Z does not 
overlap any of B', Y, C', D' seen from above there will be a gap between 
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these projections which is a continuum and has points on all four sides 
of the square A'B'C'D' (see Figure 5, where the gap is marked by hatch- 
ing). 
Now let a test plane/7 parallel to the xy-plane move from the top of 
V to the bottom. It will in the beginning intersect he boxes A, B, C, 
A' 
N a' 
7 
FIGURE 5 
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X, D. In moving down it will leave one of them behind. Let this have 
happened for the first time, and before 11 meets any of tke lower boxes. 
Then still no light can pass through V in the x- or the ),-direction. The 
box left behind cannot have helped to stop light in those directions and 
would thus be superfluous in this respect. When we would remove it, 
we would have only ten boxes left, which we know cannot form a con- 
figuration with the shadow property. Therefore the box left behind first 
must have stopped light in the z-direction. That means below it is a 
part of the gap in the lower level. But this gap, being a continuum 
stretching to all four sides of A'B 'CD ', cannot be confined below the 
box in question, but must cross its projection seen from above. That 
means, near its contour seen from above that lower gap must be visible, 
and light can pass through V in the z-direction near the box left behind 
first. 
Thus the configuration with s ~- 11, irrespective of the sizes of the 
boxes, cannot possess the shadow property. Thus, for a configuration 
P* with the shadow property, the number s of boxes must be at least 
twelve. 
6. Now the diophantine conditions 
3x:j } -2x2m xl ~30 (3a) 
s - - :x3+x~-?x l+x0= 12, x:~:~8 (3b) 
have, for the equality sign in (3a), the three solutions 
I. . r~=8 xe=2 xx 2 Xo=0 
II. x:~ -- 7 x2 = 4 xl = 1 Xo= 0 
Ill. x~=6 x2=6 xl :0  x0 - -0 ,  
as can be seen by simple arguments. For the inequality in (3a) there 
are four more solutions, which need not be written down. 
The possibilities I and II lead to configurations which can be dismissed 
by arguments imilar to those invoked against the case s = 11. They 
are cumbersome and of no interest here. The case III, however, can be 
realized by an arrangement which possesses the shadow property, 
shown in Figure 6. The two corners of V which are not occupied by 
boxes (xa being only 6) are the ends of a spatial diagonal, around which 
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P* has a rotational symmetry of order 3. The arrangement P* is moreover 
symmetric with respect to the center of V. 
:7 i:i:: i "V 
FIGURE 6 
Since the boxes are axis-parallel it suffices to give for their determina- 
tion only the coordinates of two opposite corners. Let V have the 
vertices • 7, :t_ 7, • 7. We take as the distinguished spatial diagonal 
between unoccupied corners that one which runs from -- 7, -- 7, -- 7 
to + 7, + 7, + 7. The center is at 0. Since a rotation about the distin- 
guished diagonal is expressed by a cyclic permutation of the xyz-coor- 
dinates, we obtain from one box two more boxes by cyclic permutation 
of the coordinates. Another set of three boxes is obtained by reflection 
at the point 0. 
The whole configuration P consists now of the boxes of opposite 
corners 
(7, - -7 ,  7), (-- 5, 1, 6) 
and 
(7, -- 3, 7), (--  1, 2, 4) 
together with their cyclic permutations and their reflections at 0. 
In order to check that these twelve boxes together have on each 
coordinate plane a full square as projection, it will suffice to suppress, 
e.g., the z-coordinate in the list of the twelve boxes. The two remaining 
A list of these rectangles follows: 
(7, --7), (--5, 1); 
(--7, 7), (5, --1); 
(7, --3), (0, 2); 
(--7, --3), (0, --2); 
( -7 ,  7), (1, 6): 
(7, --7), (--1, -6 ) ;  
(3, 7), (2, 4); 
(--3, --7) ( -2 ,  -4 ) ;  
(7, 7), (6, -51 
(-7, -7), (-6, 5) 
(7, 7), (4, 0) 
(--7, -7) ,  ( -4 ,  0) 
4 5 6 7 
7 
Figure 7 gives a survey of these rectangles. The configuration P described 
here together with Lemma 2 proves our theorem. 
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Boxes touching 
the top of V 
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coordinates determine opposite corners of their rectangular projections. 
i 
-2 -I  0 I 2 3 4 5 6 7 
JT~ Boxes touching ~ Boxes suspended the bottom of V in between 
FIGURE 7 
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7. A few indications can be given about he situation in four and higher 
dimensions. In the case of n = 4 we enlarge the 4-dimensional boxes 
again until they are flush with the surface of the enclosing 4-dimensional 
cube W. A 3-dimensional hyperplane Z orthogonal to one of the axes 
must always intersect at least twelve hyperboxes. But, since during the 
motion of E through W it must lose somewhere an intersection, it must 
have started with intersecting at least thirteen hyperboxes. The surface 
of W, consisting of eight 3-dimensional cubes, must therefore have 
contact with at least 8 9 13 ---- 104 sides of the hyperboxes. Let x4 be 
the number of boxes having four sides in common with W, and cor- 
respondingly we define the numbers x3, x~, xl, x0. Thus we have the 
condition 
4x~ + 3x3 + 2x2 § xl => 104, (4a) 
with 
x4 ~ 16, (4b) 
the number of vertices of W. We look for the minimum of 
t = x4 § x3 § x2 + xl + Xo. 
To reach this minimum we obviously have to make x~ as large as pos- 
sible: 
x4 : 16, 
and are left with 
3x3 + 2x2 + x I ~ 40, 
and the requirement to minimize 
x3 q- x2 + x~ + x0. 
This leads to 
and thus to 
and 
x3 = 14, x2 =x~ :xo=O,  
x3= 13, x~:  1, x~:xo :O,  
x3= 12, x2=2,  XI=X2:0  
x3q-x2q-x l+xo~ 14 
t _> 30. (5) 
It has been conjectured that the true number of boxes needed is equal 
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to the number of edges of the n-dimensional cube. In the case n : 4 
we have thirty-two edges of the hypercube W. The conjecture is true 
for n = 2, 3, and in the case n -- 4, as (5) shows, not implausible. 
In the known cases n = 2, n = 3 it turns out that the boxes can be 
made arbitrarily thin, and thus each of them stops the light only in 
one direction. I f  one could show that this property characterizes the 
solutions for all n, it would follow that the number of boxes needed is 
at least the number of edges. For since no box can touch two parallel 
edges, at least one box would be needed to block rays parallel to and 
in the neighborhood of each edge. 
